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Abstract. In this contribution, the coupled electro-mechanical behavior of the 
microtubules has been systematically investigated utilizing a continuum-based 
finite element framework. A three-dimensional computational model of a mi-
crotubule has been developed for predicting the electro-elastic response of the 
microtubule subjected to external forces. The effects of the magnitude and di-
rection of the applied forces on the mechanics of microtubule have been evalu-
ated. In addition, the effects of variation of microtubule lengths on the electro-
elastic response subjected to external forces have also been quantified. The re-
sults of numerical simulation suggest that the electro-elastic response of micro-
tubule is significantly dependent on both the magnitude and direction of the ap-
plied forces. It has been found that the application of shear force results in the 
attainment of higher displacement and electric potential as compared to the 
compressive force of the same magnitude. It has been further observed that the 
output potential is linearly proportional to the predicted displacement and the 
electric potential within the microtubule. The increase in the length of microtu-
bule significantly enhances the predicted piezoelectric potential under the appli-
cation of different forces considered in the present study. It is expected that the 
reported findings would be useful in different avenues of biomedical engineer-
ing, such as biocompatible nano-biosensors for health monitoring, drug deliv-
ery, noninvasive diagnosis and treatments. 
Keywords: Electro-mechanical coupling; Microtubules; Piezoelectricity; Com-
putational Modelling 
1 Introduction 
Microtubules are one of the most fundamental structural elements within the cyto-
skeleton of biological cells that is involved in performing a variety of vital functions, 
such as providing major mechanical supports and strength to the cells for maintaining 
and organizing their shapes and facilitating cell division, migration, self-contraction 
and intracellular transport and signaling [1-3]. Microtubules represent a self-
assembling polymer composed of heterodimers of α-tubulin and β-tubulin protein that 
stack head to tail forming the protofilaments. The lateral bonding of the number of 
protofilaments contributes to the construction of more stable, rigid and structurally 
intact microtubules in the form a cylindrical surface as shown in Fig. 1 [4]. Thus, 
microtubules are long hollow cylindrical shaped objects typically made up of 13 pro-
tofilaments, but those with 8 to 16 protofilaments have also been reported in the lit-
erature [5-6].  
Owing to the vital roles played by the microtubules in the biological cells, several 
studies have been reported in the literature for understanding the mechanics of micro-
tubules in the last two decades [2, 6-12]. The accurate quantification of the mechani-
cal properties and behavior of the microtubules will be extremely important in new 
biomedical developments, such as in the application of microtubules based novel non-
invasive biosensors for disease diagnostics and therapies, and development of ad-
vanced biomimetic nanomaterials, e.g., the MT-graphene nanotubes [1, 8]. Although 
much of the initial work in this field was confined to experimental and theoretical 
studies, recently numerical modelling has also been extensively explored for captur-
ing and understanding the mechanical behavior of the microtubules. The numerical 
modelling approaches are considered to have superiority at capturing the precise in-
formation at nano and microscales as compared to experimental studies due to associ-
ated limitations and complexities for conducting experiments at such scales [9-10]. 
 
Fig. 1. (Color online). Schematic description of a single microtubule with 13 protofilaments 
along with the secondary protein structure of an α-β tubulin dimer [4]. (This image is repro-
duced under the terms of the Creative Commons Attribution 4.0 International License, 
http://creativecommons.org/licenses/by/4.0/, Copyright © 2019, Springer Nature Limited).  
Most of the numerical studies reported till date are focused on evaluating the me-
chanical properties of the individual isolated microtubules utilizing only the mechani-
cal coupling between the applied stress and the induced strains. It has also been re-
ported that the microtubules possess piezoelectric properties as a result of electro-
mechanical coupling [13], whereby an electrical charge is produced under the applica-
tion of mechanical force or vice versa. These studies fall under the research in bio-
materials which has received tremendous attention due to its importance in opening 
the new doors for different promising avenues in biomedical industries, viz., medical 
devices, wearable sensors, flexible actuators and energy harvesting devices [14]. 
Thus, the present study focuses on developing a three-dimensional coupled electro-
mechanical model of microtubule for quantifying the piezoelectric behavior under the 
application of external forces. A parametric analysis has been conducted for evaluat-
ing the effects of length of the microtubule, along with the magnitude and direction of 
the applied forces on the electro-elastic response of the coupled electro-mechanical 
model.  
2 Continuum Model with Piezoelectricity 
A continuum-based three-dimensional model of individual isolated microtubule con-
sidered in the present computational study has been presented in Fig. 2. A 1 μm long 
microtubule with 15 nm inner diameter and 23 nm outer diameter has been modelled 
as a hollow cylindrical tube comprising of 13 protofilaments, as shown in Fig. 2 [15]. 
The modelling parameters considered in the present computational study are given in 
Table 1 [16-18].  
 
Fig. 2. (a) Reduction of the 13 protofilament microtubule to continuum-based model, and (b) 
schematic of single isolated hollow microtubule with 1 μm length considered in the present 
computational study.  
The constitutive equations for a linearly coupled electro-mechanical model are given 
by [19-22]: 
 ,ij ijkl kl ijk kec E   (1) 
 ,j jkl kl jk kD e E   (2) 
where σij are the components of mechanical stress tensor, εij are the component of 
mechanical strain tensor, Ek are the components of electric field vector, Dj are the 
components of electric displacement vector, cijkl are the linear elastic coefficients, eijk 
are the linear piezoelectric coefficients and κij is the dielectric permittivity coeffi-
cients, where subscript i, j = 1, 2, 3 and k, l = 1, 2, 3, 4, 5, 6. In this computational 
study, the piezoelectric coefficients of microtubules have been considered similar to 
that of collagen and have been adapted from [18]. Using Voigt’s notation, piezoelec-
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Further, since the present study is formulated using the stress form, thus accordingly 
the piezoelectric coefficients in strain form given in Eq. (3) have been converted into 
the stress form utilizing the following relation 
                                                                ,ijk jklm ilmc de                                              (4) 
where 𝑒𝑖𝑗𝑘  are the piezoelectric stress coefficients, 𝑐𝑗𝑘𝑙𝑚  are the components of the 
elastic tensor and 𝑑𝑖𝑙𝑚 are the piezoelectric strain coefficients given in Eq. (3). 
Table 1. Electro-mechanical characteristics of microtubules considered in the present study. 
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Further, the electric field is related to the gradient of the electric potential as 
 , .i iE   (6) 
The constitutive equations are further subjected to the equilibrium condition and 
Gauss’s law. Assuming that there is no body forces and no free charges, these govern-
ing equations are given by 
  , 0,ij j   (7) 
 , 0.i iD   (8) 
The fully coupled electro-mechanical model of microtubule has been numerically 
implemented using a finite-element method (FEM) based commercial COMSOL Mul-
tiphysics 5.2 software [23]. The bottom face of the microtubule has been subjected to 
fixed and electrically grounded boundary conditions. A compressive and/or shear 
force has been applied at the top surface of the microtubule and accordingly, the in-
duced stresses, strains, electric field and electric potential have been numerically 
computed. The initial displacement and electric potential within the computational 
domain of microtubule have been assumed to be 0 m and 0 V, respectively. All simu-
lations have been performed in a stationary state regime. An optimum number of 
heterogeneous tetrahedral mesh elements obtained after conducting a mesh conver-
gence analysis has been used for meshing the computational domain of a hollow cy-
lindrical microtubule using COMSOL’s built-in mesh generator. All simulations have 
been conducted on a Dell T7400 workstation with Quad-core 2.0 GHz Intel® Xeon® 
processors.  
3 Results and Discussion 
In the present computational study, the coupled electro-mechanical model of a micro-
tubule has been modelled by adopting a similar mathematical framework utilized for 
modeling zinc oxide (ZnO) nanowires [19-20]. Further, the numerical model fidelity 
and integrity have been evaluated by comparing the predicted results of the current 
model to those available in the literature, for e.g. [19]. The geometrical details of the 
nanowire (adapted from [19]) with a hexagonal cross-section considered for numeri-
cal validation has been presented in Fig. 3(a). Figure 3(b) presents the piezoelectric 
potential obtained in the previous study of Hao et al. [19] under the application of 100 
nN compressive force along the z-axis at the top surface and the fixed bottom surface 
of the nanowire, as presented in Fig. 3(a). The piezoelectric potential (in V) obtained 
under the 100 nN compressive force from the present model utilizing similar geomet-
rical detail and electro-mechanical parameter has been presented in Fig. 3(c). As evi-
dent from Fig. 3(c), the piezoelectric potential obtained from the present study com-
pletely matches with that obtained by [19] (see Fig. 3(b)) in the nanowire with the 
maximum absolute potential of 0.48 V. The maximum displacement (in nm) (refer to 
Fig. 3(d)) induced at the top surface of the nanowire under the application of 100 nN 
compressive force from the present model has been found to be 0.03 nm that is con-
sistent with that obtained in [19]. Moreover, the developed model has also been vali-
dated with the applied compressive force of 85 nN at the top surface of the nanowire. 
Figures 3(e) and 3(f) presents the piezoelectric potential (in V) and displacement (in 
nm) distributions, respectively, obtained from the present model. As evident from 
Figs. 3(e) and 3(f), the maximum electric potential and displacement have been found 
to be 0.41 V and 0.02 nm, respectively, that is in good agreement with those obtained 
in [19]. Thus, our developed model is consistent with the previous works and lends 
confidence in the results derived from the developed coupled electro-mechanical 
model.  
 
Fig. 3. (Color online). (a) Schematic illustration of the nanowire having a hexagonal cross-
section, (b) piezoelectric potential distribution in the nanowire under a compressive force of 
100 nN along the z-axis reported in [19], (c) piezoelectric potential (in V) predicted from the 
present model of the nanowire under a compressive force of 100 nN along the z-axis, (d) total 
displacement distribution (in nm) predicted from the present model of the nanowire under a 
compressive force of 100 nN along the z-axis, (e)  piezoelectric potential (in V) predicted from 
the present model of the nanowire under a compressive force of 85 nN along the z-axis, and (f) 
total displacement distribution (in nm) predicted from the present model of the nanowire under 
a compressive force of 85 nN along the z-axis. (Figure 3(b) has been reproduced from [19] 
under the terms of the Creative Commons Attribution 4.0 International License, 
http://creativecommons.org/licenses/by/4.0/, Copyright © 1996-2019 MDPI, Basel, Switzer-
land). 
The results obtained from the coupled electro-mechanical model of a single hollow 
cylindrical microtubule of 1 μm in length under the application of 0.1 nN compressive 
force uniformly applied at the top surface and fixed bottom surface have been pre-
sented in Fig. 4. The displacement distribution within the microtubule under the ap-
plication of compressive force at the top surface has been presented in Fig. 4(a). As 
evident from Fig. 4(a), the top surface shows the maximum displacement of 0.09 nm 
under the applied force of 0.1 nN. It is worthwhile to mention that the displacements 
induced due to the compressive force lies within the range of that being induced in 
previous study reported in the literature, for e.g. [16]. In Fig. 4(b) the blue side is the 
negative potential side and the red side is the ground. As evident from Fig. 4(b), the 
maximum piezoelectric potential of 0.44 mV has been obtained under the compres-
sive load of 0.1 nN. Further, the maximum stress induced in the microtubule under the 
compressive load has been found to be 0.23 MPa, as shown in Fig. 4(c). The dis-
placement, electric potential and stress distributions predicted from the coupled elec-
tro-mechanical model under the application of 0.1 nN shear force at the top surface 
and fixed bottom have been presented in Fig. 5. The maximum displacement and 
maximum electric potential under the application of 0.1 nN shear force have been 
found to be 408.86 nm (see Fig. 5(a)) and 0.62 mV (see Fig. 5(b)), respectively. Ac-
cordingly, the maximum stress induced within the hollow microtubule under the ap-
plication of shear force has been found to be 36.4 MPa and is concentrated at the bot-
tom edges of the microtubule due to significant bending, as shown in Fig. 5(c). Thus, 
the application of shear force has a far more pronounced effect on the electro-elastic 
response of a microtubule as compared to the compressive force of the same magni-
tude.  
 
Fig. 4. (Color online). Electro-elastic response of a hollow cylindrical microtubule subjected to 
a compressive force of 0.1 nN at the top surface: (a) total displacement distribution (in nm), (b) 
electric potential distribution (in mV), and (c) stress distribution (in Pa).  
 
Fig. 5. (Color online). Electro-elastic response of a hollow cylindrical microtubule subjected to 
a shear force of 0.1 nN at the top surface: (a) total displacement distribution (in nm), (b) electric 
potential distribution (in mV), and (c) stress distribution (in Pa). 
The effect of direction of 0.1 nN force applied along the x-axis, y-axis and z-axis on 
the electro-elastic response of a microtubule has been presented in Table 2. In this 
table, the maximum predicted electric potential and the displacement have been sum-
marized for a different combination of forces. The value of maximum electric poten-
tial has been presented in absolute values [20], so as to better compare the electro-
elastic response of microtubule under different forces. As evident from Table 2, the 
application of 0.1 nN shear force results in the generation of bigger displacements and 
corresponding electric potential within the microtubule when compared to a perpen-
dicular compressive force. This can be attributed to the fact that the piezoelectric 
coefficient in shear direction (e25), i.e. along the y-axis, has the highest magnitude and 
subsequently results in the enhanced coupling between the strain and the electric field, 
resulting in a higher electric potential generation. Moreover, the maximum values of 
both the electric potential and displacements increase when the force applied in the x-
axis was added to that of the y-axis. Further addition of the force in the z-direction has 
a trivial impact on the electro-elastic response of the microtubule. Therefore, the pre-
dicted results of the coupled electro-mechanical model of a microtubules demonstrate 
a coupling effect between the three components of the applied forces and the electro-
elastic response, viz., induced electric potential and displacements. Consequently, this 
coupling effect should not be ignored for better predicting the behavior of microtu-
bule subjected to external forces.  
Table 2. Maximum displacement and electric potential obtained within a hollow cylindrical 







x-axis y-axis z-axis 
0 0 0.1 0.09137 0.44 
0 0.1 0 408.86 0.62 
0.1 0 0 408.86 0.65 
0.1 0.1 0 578.21 0.88 
0.1 0 0.1 408.86 0.65 
0 0.1 0.1 408.86 0.62 
0.1 0.1 0.1 578.21 0.89 
 
As mentioned earlier, one of our main motivations for the present computational 
study is to evaluate the effect of length of microtubule on the electro-elastic response 
under the application of external forces. Although microtubules can be up to 50 μm 
long, the typical length of microtubules ranges between 0.5 to 10 μm [15, 24-25]. In 
what follows, we considered three effective lengths of the microtubule, viz., 1 μm, 5 
μm and 10 μm, for evaluating the impact of microtubule length on their electro-elastic 
response under the influence of externally applied forces. Notably, the magnitudes of 
the force considered in our analysis have been varying from 0.02 nN to 0.1 nN, with 
the increment of 0.02 nN and have been adapted from [16]. The total displacements 
obtained under the application of different magnitude of compressive forces for the 
microtubule lengths of 1 μm, 5 μm and 10 μm have been presented in Fig. 6(a). It can 
be seen from Fig. 6(a) that the total displacement increases linearly as the externally 
applied force increases from 0.02 to 0.1 nN. However, the slope of increment increas-
es with the increase in the microtubule length from 1 to 10 μm. Similar trends have 
been observed for the maximum electric potential generation within the different 
lengths of the microtubule considered in the present study when subjected to the vary-
ing magnitude of compressive forces. The effect of varying magnitudes of shear force 
on the maximum total displacement and the electric potential generated within the 
microtubule for different active lengths have been presented in Figs. 7(a) and 7(b), 
respectively. It has been observed that the trends of shear force are somewhat similar 
to that of compressive force. However, there is a significant variation in the magni-
tude of the respective values. For example, the maximum magnitude of displacement 
with compressive force has been found as 0.99 nm under the application of 0.1 nN 
force on a 10 μm long microtubule, whereas for shear force the predicted value of 
total displacement considerably rises to 407 μm. Similarly, the maximum electric 
potential generated within the 10 μm long microtubule under the compressive force of 
0.1 nN has been found to be 4.39 mV in comparison to 6.13 mV under the application 
of shear force. Thus, the length of microtubules significantly influences the electro-
elastic response as the coupled electro-mechanical model developed in the present 
study confirms.  
 
Fig. 6. Variation of (a) total displacement, and (b) electric potential with the applied compres-
sive force at the top surface of hollow cylindrical microtubule for the active lengths of 1, 5 and 
10 μm.  
 
Fig. 7. Variation of (a) total displacement, and (b) electric potential with the applied shear force 
at the top surface of hollow cylindrical microtubule for the active lengths of 1, 5 and 10 μm.  
4 Conclusion 
In this work, a coupled electro-mechanical model of a microtubule has been devel-
oped for accurately quantifying its complex mechanics at a cellular scale under the 
influence of external stimuli. Important relations between the applied force and the 
displacement and applied force and the generated electric potential have been re-
vealed. In particular, it has been observed that the application of shear force leads to 
both higher displacement and higher electric potential generation as compared to the 
application of compressive force. Moreover, the increase in the length of microtubules 
results in a significant rise in the predicted electric potential under the application of 
external forces. This work clearly demonstrates the importance of electro-mechanical 
coupling in our better understanding of the complex behaviors of microtubules ex-
posed to external forces, which might be difficult to predict utilizing experimental 
studies. We expect a future extension of the proposed model for biomedical engineer-
ing and other related applications ranging from sensing to energy harvesting devices 
based on biological systems. 
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